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Order of phase transitions in a field theory
V. P. Nair
Physics Department, Syracuse University, Syracuse, Ne~ York 13210
(Received 16 December 1982)
The relation between the gauge or global nature of a symmetry being broken and the order of the asso-
ciated phase transition is clarified. First-order phase transitions in gauge theories are related to the asymp-
totic freedom of the 4 interaction in six dimensions. Spontaneous violation of lepton number in the
standard electroweak theory provides a nontrivial illustration of our results.
In this paper we propose a rule about the order of phase
transitions in a field theory. Consider a four-dimensional
field theory with a continuous symmetry group G which is
spontaneously broken down to a subgroup H. If we have a
gauged symmetry so that we have gauge bosons in G/H
which acquire mass purely from the symmetry breakdown,
the transition will be first order. If we have a global sym-
metry so that G/H corresponds to massless Goldstone bo-
sons, the transition will be of second order. The theory
should satisfy certain conditions in order that this rule be
valid. We shall discuss these conditions below.
The precise statement of the rule does not seem to have
appeared in the literature before, although it has been no-
ticed in several contexts that gauge bosons tend to make the
phase transition first order. ' Our result is, in a certain
sense, a clarification and refinement of some of the obser-
vations in these papers. That this refinement has some
nontrivial content can be illustrated by an example. We
consider the standard electro weak theory based on
SU(2)L x U(1). Consider spontaneous violation of lepton
number which gives mass to the neutrinos. Without the
introduction of right-handed neutrinos this can be accom-
plished in a minimal way by a Higgs field H which




W = ——(I V e I'+ ) [q C —1 '( T) ']I,T (3)
where
period P= 1/T, where T is the temperature. The propaga-
tor of a particle is then of the form g„ 1/(ru„+k ), where
co„=27rnT for bosons and cu„= 2m (n + —,) T for fermions.1
The n = 0 mode of bosons has no infrared cutoff in k space
leading to possible divergences. The accumulation of such
divergences can affect the critical-point behavior. T pro-
vides an infrared cutoff for all fermionic modes as well as
the n ~ 0 modes of bosons. To analyze the theory near the
critical point, one can make a natural separation of the n =0
modes of the bosons. The other modes, viz. , fermions and
n & 0 bosons can be "integrated out. " This means that one
evaluates all diagrams with n =0 modes of bosons as exter-
nal lines and the other modes as internal lines. This gives
us an effective Lagrangian involving only the n =0 bosonic
modes. The coupling constants of this Lagrangian have
temperature-dependent corrections from the other modes.
Since the n = 0 bosonic modes do not depend on the Eu-
clidean time variable we have a three-dimensional field
theory. This technique of reduction to three dimensions is
borrowed from Ref. 3 ~here more details can be found.
For a global symmetry the behavior near the critical point
is modeled by a Lagrangian of the form
h 0
h+ V =a(T, —T) a)0. (4)
We have indicated the charge assignments also. H carries
lepton number —2 and couples to the standard lepton
doublet IL by
LI = —a ( I I'. HIL + H.c.) .
The neutral component of H, viz. , h acquires a vacuum ex-
pectation value spontaneously breaking lepton number and
giving Majorana masses to the neutrinos. Is this a second-
order transition? Although lepton number is a global sym-
metry, the gauge bosons of SU(2)L x U(1) couple to H and
it is not a priori obvious if the transition remains second or-
der. The rule we have stated assures us that it is of second
order. [For completeness, we note that lepton number in
the standard model has anomalies. More precisely, our re-
marks apply to (8 —L) which is the good global symmetry
of the standard model. ]
We shall attempt a constructive proof of our rule. Some
of the arguments are given in a brief form in the appendix
of Ref. 5. To include finite-temperature effects we work in
Euclidean space with periodicity of bosonic fields (an-
tiperiodicity of fermionic fields) along the imaginary time of
[We have suppressed possible internal-symmetry indices on
Since most of the calculations leading to Eqs. (3) and
(4) are standard we do not give details; see Ref. 7.] The
temperature-dependent corrections to V come from modes
other than the n=o mode of O'. For T) T.l. 4' has posi-
tive mass squared and we have (4) = 0 (symmetric phase).
For T ( T, we have symmetry breaking, (4&) A 0. At T, ,C(1
(4) =0, we have a second-order phase transition. At T, ,
4 is a massless field.
The Lagrangian gives the lowest-order scaling behavior
near the critical point. Higher-order corrections due to the
self-interactions of the n = 0 mode 4 can be treated in an e
expansion as in standard three-dimensional 4 theory.
We shall now contrast this with a gauged version of the
model. The n =0 modes of the gauge bosons persist into
the three-dimensional description. Of the four A„, Ao ac-
quires a mass (the plasmon effect) and decouples from
critical-point behavior. We thus have a three-dimensional
vector field A. The effective Lagrangian is thus
W= ——[IDd I'+ x(@'@—&')'] — Tr(FgkFJk) .T 2T
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The summation is over all helicity states of all bosons on
G/H:
M TSL, =W +aM'(a ) —( 12' (7)
= 3 + e'8'4'4 —g (4'4)'~ (8)
where A, B, B' are divergent constants. g is proportional to
je j T, where e is the gauge coupling constant. A is ab-
sorbed by vacuum energy renormalization, and B by zero-
temperature mass renormalization of 4, i.e. , into the defini-
tion of a and T, , of Eq. (4). The effective Lagrangian is
thus of the form
W= ——[je~j'+ U(q )1,
T
U (4 ) = A. (4 '4 —V') ' —g ( &O'C ) '~'
(9)
(10)
The effect of the n =0 modes of bosons is to give a j4j'
term, jC j = (g4'&0)'~', which can also drive the symmetry
breaking. For T ) T, when V'& 0, U(4) increases near
1
4=0. For larger values of 4, the j4&j' term decreases
U(4), and for still larger values the Xj@j4 term dominates
giving increasing U(4). Thus U(4) has two local minima
4=0 and C) =4~ A 0 separated by a potential barrier. The
transition is of the first order (see Fig. 1). The critical tem-
perature T, is the point where the two minima have equal
energies, i.e., V(&b =O, T, ) = V(C&=4 T,t). For T ) T„
4 =0 is the global minimum; for T ( T„4=4~ is the glo-








FIG. 1. The potential U(4) of Eq. (10) at different ternpera-
tures.
D4 denotes the covariant derivative of 4. We shall now
estimate the contribution of A to the effective potential. To
one-loop order, this is equivalent to calculating the zero-
point-energy contribution of the gauge bosons in an arbi-
trary background field 4. We can neglect space variation of
4 since it does not affect critical-point behavior except as
perturbative corrections. The gauge bosons in G/H acquire
a mass' M (4&) =constx e 4'4, where H is the little group
of the background field 4). Their contribution to the effec-
tive Lagrangian is
~a=- z f—,'in(~'+M')
T, ) T„ the 4=4~ minimum disappears altogether and
2
full symmetry restoration occurs. Also at T„(4) A 0.
From Eqs. (7) and (8) it is clear that the gauge bosons
which acquire a (mass)' proportional to 4&'4& are making the
transition first order. The significant point is that the gauge
bosons associated with the symmetry being broken can ac-
quire mass only from this breakdown. If there are gauge
bosons which can acquire mass from other sources they do
not give a j@j' term. Consider the breakdown of lepton
number again. The triplet Higgs field H gives a correction
to the W-boson mass, Ma = e'((&bo) + (H) '), where 4o
is the doublet Higgs field of standard electroweak theory.
Since (40) & 0 at T, , (M')
~' can be expanded in powers
of H H, and we do not get an jH j' term which makes the
transition first order. There may be other gauge bosons like
those in H which remain massless above and below the
transition. They also do not give cubic terms. On the other
hand, for gauged lepton number the corresponding boson
would acquire a (mass)' —H H giving a first-order transi-
tion.
One can construct theories where other bosons (scalars)
are massless above the transition but acquire a
(mass)' —4&'&0 due to the transition. They can then make
the transition first order. Since there is no requirement of
such a structure based on symmetry-breaking patterns, such
theories wi11 require unnatural fine tuning of parameters.
We shall exclude such theories by the following "natural-
ness" requirement: The only bosons which remain mass-
less above the transition and acquire (mass)' —4'4 due to
the transition are those that are required to do so by
symmetry-breaking patterns (viz. , gauge bosons, if any, in
G/H) Following .is a comment about the stability of our
result to higher-order 3-loop corrections. The expression in
Eq. (6) is exact for an Abelian vector potential since A oc-
curs only quadratically in the Lagrangian. For the non-
Abelian case there will be cubic and quartic interaction
terms. These cannot contribute at one-loop order since we
do not allow external 3 lines in the effective potential. The
question then arises: Can higher-order corrections eliminate
the cubic interaction which is crucial to our arguments?
The question is made more acute by the fact that the gauge
bosons in H which remain massless can lead to infrared
divergences. The question is best understood from the
point of view of the spectrum of the theory. The fact that
the background field 4 breaks the symmetry from 6 to H is
reexpressed as the statement that the vector bosons in G/H
have a mass proportional to 4'4. The existence of massive
states in the spectrum is a nonperturbative statement. The
zero-point energy of these states will give the cubic interac-
tion. The higher-loop effects will, of course, renormalize
the cubic coupling constant and can be analyzed using the
renormalization-group (RG) equations. To the order we
shall compute (one-1oop order for the RG), these effects
can be neglected. In particular, they are negligible in the
large-% limit we consider below.
We now turn to the question of 4 loops. Do higher-
order corrections make g in Eq. (10) zero or negative so
that the transition is restored to second order? This can be
analyzed with use of the renormalization-group equations.
A fixed point for the RG equations gives pure scaling
behavior or a second-order phase transition. The critical
dimension of the j&j3 interaction is six. The behavior of
the three-dimensional theory can be explored within the ~
expansion (e=d, —d=3). The j@j3 theory in six dimen-
sions is asymptotically free. The RG equations in reverse
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+
2 [%MRNA+ (%+M)X2]32~3
dA2 Xp X2 (N+M)
dt 2 167r
(gg 2 9g 2&M 3 h. ]gWM 3 h. 2g ( lV + M )
dt 128vr 327r 32m
(12)
t ~ is the infrared limit. The infrared slavery (asymptot-
ic freedom) of g is destroyed with h. ~, h, 2 developing stable
fixed points for NM & 42. This number is comfortingly
large.
The RG equations (12) are strictly legitimate only in 6 —e
dimensions. However, in the spirit of the e expansion, we
can use them to analyze our three-dimensional theory.
We now restate the rule with the caveats which have em-
erged from the discussion: Given (a) "naturalness" of the
theory, i.e. , the only bosons which acquire mass purely from
then imply the infrared slavery of g, i.e. , we can have no
fixed point and the transition is of the first order. The
asymptotic freedom of g can be destroyed by the X(C&'4)2
interaction if there are too many Higgs multiplets. We shall
therefore require as a second premise for our rule that the
number of Higgs multiplets is small enough so as not to
destroy the infrared slavery of the g ~4~2 interaction. (The
statement about infrared slavery, in contrast to asymptotic
freedom, goes beyond perturbation theory. )
We can estimate the number of Higgs multiplets which
destroys asymptotic freedom. With M copies of 4, which is
considered as an N-vector, we can write
g(@a@a)3/2+) (@aC a)2+) (@acP)2
(i =1,..., N, a= 1, ... ,M). We shall interpret the nonpolyno-
mial interaction as ——,ga. (4; 4; ), where o. is the compo-
site field (4; 4; )'i'. Notice that we can write the interac-
tion as g [a.2/2 —2 a. (C&; 4; )], introducing a. as a Lagrangi-
an multiplier field. The only ambiguity in doing perturba-
tion theory will be with o- loops since cr does not have a
propagator at this stage (although it will be generated in
higher orders). 4& loops give a factor of W or M due to
summation on the index i or o. , but a- loops do not have
such a factor. Thus we can ignore a- loops. The resulting
error in perturbation theory would be negligible in the
large-(N, M) limit. The one-loop vertex corrections are
shown in Fig. 2. The loops are all 4 loops; o-'s have been
pushed to external lines wherever the cubic interaction ver-
tex occurs. The RG equations are
g/$2(N + M)
dt 2 16m 8m
g $3
+ 0 ~ ~ ~
FIG. 2. Radiative corrections to 4 and 4 interactions.
the symmetry breakdown are those required to do so by
symmetry principles, and (b) superfluous replication of
Higgs multiplets which produce the required symmetry
breaking is small enough so that the ~4& ~2 interaction retains
infrared slavery, then a symmetry breaking G H is (i) a
first-order transition if it is a gauged symmetry (i.e., G/H
corresponds to massive gauge bosons) and (ii) a second-
order transition if it is a global symmetry (i.e. , G/H corre-
sponds to massless Goldstone bosons). [For global sym-
metries the restriction (ii) on the number of 4 s is ir-
relevant. ]
The separation of the n =0 modes is crucial in making
transparent the connection between symmetry and the order
of the transition. The other modes give only perturbative
corrections to this result. The number 42 for the destruc-
tion of infrared slavery is not very reliable since we are ap-
proximating a nonpolynomial interaction by a polynomial.
Nevertheless, all methods of computation will give a value
of this order of magnitude. (See Refs. 2 and 3 in this con-
nection. )
There are some models like the SU(5) grand unified
theory where the symmetry allows cubic Higgs interactions
at the tree level giving a possible first-order transition. The
entire discupsion of this paper applies to theories where such
terms are excluded at the tree level by discrete or continu-
ous symmetires.
We do not have a rigorous proof of our rule. Since it is a
statement that depends only on the symmetry structure of
the theory, one suspects that it can be sharpened to a
theorem and proved in a more general context. One can set
up a rigorous axiomatic formulation of ternperature-
dependent field theory where, instead of the Poincare
group, one has the three-dimensional Euclidean group times
a discrete translation group. It is conceivable that this rule
can be proved within such a framework independent of the
restrictions of perturbation theory.
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